In a recent publication (T. Ergin et al., Science 328, 337 (2010)), three-dimensional broadband dielectric carpet cloaks have been fabricated and experimentally characterized by optical bright-field and dark-field microscopy using unpolarized light from an incandescent lamp. A direct comparison with theory has not been provided so far. In the present work, we treat the carpet cloak as well as the entire optical microscope within the ray-optics approximation and the cloak within the effective-medium approximation. We find good qualitative agreement between experimental results and our calculations. 
Introduction
Invisibility cloaking appeals to scientists and laymen alike by the mere fact that it was commonly believed impossible until a few years ago. Scientifically, it can be viewed as a demanding benchmark example for the much broader and far-reaching concepts of transformation optics [1] [2] [3] . A more complete list of references can be found in the recent reviews [4, 5] . Meanwhile, early experiments on invisibility cloaking in two-dimensional waveguide geometries at microwave [6, 7] and at optical frequencies [8] [9] [10] [11] have been presented. In these experiments, however, the notion "invisibility cloaking" has to be taken with a grain of salt as the so-called "invisible" becomes immediately visible when inspected from the (normal) third dimension. Recently, we have discussed a three-dimensional version [12, 13] of the carpet cloak that has originally been introduced for a two-dimensional setting [3] . Our experiments [13] using bright-field and dark-field optical microscopy and spectroscopy with unpolarized light and with large-numerical-aperture microscope lenses (corresponding to large angular spread of the light in three dimensions) have further validated the ideas underlying transformation optics even in three dimensions. Yet more recently, another research group has also presented a related three-dimensional carpet cloak, albeit operating at microwave frequencies [14] .
In this contribution, we aim at presenting calculations that mimic the microscope imaging process in quite some detail and that allow for a direct comparison with our previously published experimental data. As complete wave-optics calculations including the actual measurement setup (i.e., the entire optical microscope) and the precise cloaking nanostructure are presently out of reach for us, we restrict ourselves to ray tracing of bright-field and darkfield images of structures without and with cloak within the effective-medium description.
Experiment
Let us start by very briefly recalling our previously published experiments [13] on the threedimensional version of the carpet cloak. In these experiments [13] , we have considered a bump in a metallic film, the outline of which follows y(x) = h cos 2 (π x/w) for |x|≤ w/2 and zero otherwise. The height of the bump is h = 1.25 µm and its full width is w = 13 µm. The bump is translationally invariant along the z-direction. The total extent of the structure is 90 µm in the x-direction, 10 µm in the y-direction, and 30 µm in the z-direction [13] . It is located on a glass substrate with a thickness of 170 µm. To hide the bump, the refractive index profile is calculated using the quasi-conformal mapping outlined in Ref. 3 . A reference refractive index [3] of n = 1.2 is used [13] . The result of our own calculation along these lines and for the above parameters is shown in Fig. 1 .
In our experiments [13] , this index profile is approximated by locally varying the volume filling fraction of a three-dimensional polymer woodpile photonic crystal that is used in the long-wavelength limit. Obviously, 100% filling fraction delivers the index of the polymer, i.e., n = 1.52, and 0% filling fraction the index of air, i.e., n = 1. This blueprint is fabricated using three-dimensional direct laser writing [13] . After development, the top is coated with gold in a sputter chamber. Further details on these samples can be found in Ref. 13 .
For the optical characterization, we simply look at the samples with a microscope in either bright-field or dark-field mode [13] . The employed dedicated home-made microscope setup is schematically shown in Fig. 2 . The sample is illuminated by unpolarized incoherent white light from a light bulb and imaged by a single reflective Cassegrain microscope objective lens with focal length f = 5.41 mm and numerical aperture NA = 0.5 onto the image plane. The magnification factor is m = -80. "Bright-field mode" refers to the case that the optical axis and the sample surface normal are parallel, "dark-field mode" to the case that the two include an angle, in which case a planar metal surface would appear dark in the image (see Fig. 1 ). Further details can be found in Ref. 13 . 
Ray tracing
We have previously published photorealistic images of sceneries including three-dimensional carpet cloaks using dedicated home-made ray-tracing software [12] . In the present contribution, aiming at a direct comparison with experiment [13] , we rather want to model the bump in the metallic carpet, the cloaking structure, as well as the entire microscope and its illumination. The geometry is identical to that of the experiment shown in Fig. 2 . Precisely, the illumination source emits isotropically distributed and randomly generated light rays or "photons" either from a point source or from a homogeneous disk with finite diameter d (composed of a homogeneous distribution of point sources). This light is collected via a first (condenser) lens and is sent onto the sample via an objective lens. Both lenses are taken as ideal (i.e., no chromatic and no spatial aberrations), are infinitely thin, and obey the usual lens equation. For the objective lens, the lens equation reads
This lens with focal length f delivers a magnified image of the sample, which is held at distance a from the lens. a' is the distance of the image plane, in which all below images are computed. For ray tracing, we need an explicit expression for the angle α' of the ray emerging after the lens as a function of the incident angle α and the distance b between the ray and the optical axis at the position of the lens with respect to the optical axis. From Eq. (1) and Fig. 2 , it immediately follows that
The sign in Eq. (2) is dictated by the geometrical nature of the ray under consideration. As in the experiment, the magnification factor, m, is set to
Hence, we have a'/f = 81 and a/f = 81/80. With the focal length of the objective lens f = 5.41 mm and its aperture radius of r = 3.12 mm, its numerical aperture NA follows as sin( )=0. 5 . NA ϕ = (4) φ is half the opening angle of the lens, i.e., the maximum angle a ray may include with the optical axis (see Fig. 2 ). Rays outside of the lens' aperture are disregarded and, hence, do not contribute to the calculated images. The value of NA = 0.5 for the objective lens corresponds to a full opening angle of 2φ = 60 degrees. The numerical aperture of the condenser lens is taken as 0.3.
We also explicitly account for the t s = 170-µm thick glass substrate with refractive index n s = 1.545 underneath the cloaking structure (see Section 2) . The presence of the substrate defocuses the image if the objective lens is adjusted according to Eq. (1). To correct for this defocus, the sample has to be moved further away from the objective lens (i.e., a→ a + a s ) by a shift a s along the optical axis. For rays including a small angle with the optical axis, a straightforward calculation yields the angle-independent result 1 1 ,
leading to a s = 60 µm. In contrast, for rays including larger angles with the optical axis, the defocus does depend on the angle. This aspect reflects the well known fact that a dielectric plate introduces spatial aberrations in an otherwise ideal optical microscope. The distance from the illumination source that is centered on the optical axis to the condenser lens is 44 mm, the total distance from the condenser to the objective lens is 400 mm (compare Fig. 2) .
Finally, the bump (with and without cloak) is centered with respect to the optical axis. We use the actual physical dimensions of the cloak as quoted above as well as the design refractive-index distribution of the cloak or the reference structure, respectively (see Fig. 1 ). Regarding ray tracing inside the cloak, we proceed as previously [12] : The continuously varying refractive-index distribution of the cloaking structure is discretized into 2000 × 5200 ≈10 7 elements (elongated cuboids) with constant and wavelength-independent refractive index within each element. When passing an interface, the rays obey Snell's law. The reflections at the interfaces between discretization elements have to be treated with caution: partial Fresnel reflections should not occur in a continuously varying refractive-index profile. Hence, they are neglected.
In contrast, total internal reflections at the interfaces between discretization elements can occur. One illustrative example is a ray that enters from the left in the xy-plane shown in Fig.  1 propagating towards the right almost parallel to the metal film and that would hit the bump if there were no cloak. This ray bends downwards due to the refractive-index profile shown in Fig. 1(b) . When this ray arrives in the middle of the bump, it bends upwards again due to the gradient of the refractive-index profile along the vertical direction (here the index decreases when going down). This behavior is very closely similar to that of rays in a mirage. The mentioned ray exits to the right nearly parallel to the metal film. If the discretization cuboids in this 2D problem are aligned along the x-and y-directions, the turning point of the ray corresponds to total internal reflection at the horizontal interface between two cuboids. (Confusingly, for differently oriented or differently shaped discretization elements, no total internal reflection may occur at this point, yet it may occur at others. The ray path eventually has to be independent of the discretization scheme.) Hence, total internal reflections at the discretization element interfaces have to be accounted for.
Partial Fresnel reflections at the physical interfaces (cloak/air, cloak/glass, and glass/air) are neglected. They have previously been shown to be of minor importance [12] . However, for angles beyond the critical angle, total internal reflections at these interfaces are again accounted for. In other words, no ray disappears or splits into two; any ray is either completely transmitted or completely reflected at any of the interfaces.
The presence of the cloaking structure or the reference structure (see Fig. 1 ), respectively, introduces an additional defocus similar to the defocus by the glass substrate according to Eq. (5). For a reference refractive index of n c = 1.20 as in Fig. 1 and for a cloak thickness of t c = 10 µm (see Section 2), we get in analogy to Eq. 
leading to a c = 1.7 µm. To correct for the overall defocus by substrate and structure, we have to replace the distance a obtained from Eq. (1) by a→ a + a s + a c = 5.4776 mm + 60 µm + 1.7 µm = 5.5393 mm. The validity of this analytical focus condition has also been checked within our numerical ray-tracing calculations for both the uncloaked reference structure as well as for the cloaked structure.
Computational results without cloak
To get acquainted with the scenery and with the ray-optics images, (Fig. 3) and by a more realistic diskshaped light source with diameter d = 5 mm (Fig. 4) . In all these cases, we depict the entire sample, the edges of which are visible by "scattering" of light off the sample edges. Precisely, these structures in the images originate from light rays impinging under nearly normalincidence conditions that are totally internally reflected at the sample boundaries. These total internal reflections are the ray-optics counterparts of scattering of light off the sample edges in a wave-optics treatment.
For the point-source case, the images become completely dark for sample angles beyond a certain critical angle. This is obviously an artifact of the point-source approximation in Fig. 3 . In sharp contrast, for the case of an extended light source in Fig. 4 , scattering does occur in the dark-field mode for large angles -in agreement with our previous experiments [13] . Note that the bright-field images for point source and extended source are considerably different as well. The calculations for the disk-shaped source qualitatively agree with experiment [13] . These findings highlight the importance of using finite-size light sources in our calculations for obtaining results that can be compared with experiment in a meaningful manner. Hence, we restrict ourselves to finite-size illumination sources in the cases with cloaking in Section 5.
Nevertheless, the point-source case in Fig. 3 helps in understanding certain aspects: For example, a double-minimum structure is observed around the bright center for the cos 2 -shaped bump in bright-field mode. On the two sides, dark stripes occur. We have argued intuitively [13] that these dark stripes around the center maximum are due to light rays that are reflected off the two side slopes of the bump and not collected by the microscope objective lens. In contrast, light rays hitting the cos 2 -shaped bump's top with horizontal tangent are reflected just like from a flat mirror. Hence, they appear bright. It is interesting to check this interpretation on the triangular bump. Here, following this reasoning, one would obviously not expect a bright stripe in the middle because of the sharp triangle tip. Yet, one still gets a pronounced bright stripe -notably with a finite width. Indeed, a more complete interpretation also has to comprise the following aspects: Light rays reflected off the two side slopes of the triangular bump exit with a different angle compared to a flat mirror. For the present conditions, many of these rays are still collected by the objective lens. The fraction of the collected rays clearly depends on the numerical aperture (we will come back to this aspect in Section 5). Due to the different angle of the rays reflected off the bump (i.e., outside of the flat metal plane that is focused on), these rays appear laterally shifted in the image plane. The reflection off the left triangle side slope is shifted to the right, the reflection off the right triangle side slope to the left. In the middle, these shifted plates overlap, giving rise to the bright center stripe. The shifted plates leave behind darker areas. Only for much steeper bumps, most light rays get reflected such that they are no longer collected by the objective lens. We have also checked this interpretation by studying triangular bumps with fixed width but varying height (not depicted). Fig. 3 . Microscope images rendered by ray tracing for the geometry outlined in Fig. 2 and for the case of a bump without cloak (see Fig. 1(a) ) and for point-source illumination. Images are shown for a cos 2 -shaped bump (left column) and for a triangular bump (right column). The five rows show different sample tilt angles increasing from top to bottom. Zero-degree tilt angle corresponds to the bright-field mode, large angles to the dark-field mode. The local image intensity is false-color coded. The values quoted on the right-hand side correspond to the total number of rays that have hit a square pixel element in the image plane, the area of which corresponds to 0.5 µm × 0.5 µm in the sample plane. The total number of rays that have illuminated the sample through the objective lens is given by the white number in the individual panels. The white scale bar shown in all panels corresponds to 50 µm length in the sample plane. The white arrows point to the scattering of light off the bump. Within the rayoptics approximation, the depicted images do not depend on wavelength at all. Fig. 4 . Rendered microscope images as in Fig. 3 , but for a finite disk-shaped light source with diameter d (see Fig. 2 ) rather than for point-source illumination. The dashed white rectangles outline the depicted areas in Figs. 5 and 6. Along these lines, it also becomes clear why the bright center stripe for the cos 2 -shaped bump for the point-source case is much brighter than the reflection from the flat mirror regions on the sides: Due to the curvature (hence varying slope) of the side slopes, one no longer gets shifted plates as in the triangle case, but rather inhomogeneously compressed shifted plates that overlap in the middle, giving rise to the very bright center maximum. All of these features not only appear for the point-source case but also for the case of a finite illumination source (Fig. 4) . There, however, they get smeared out considerably.
For the dark-field mode, no major qualitative differences occur between the images of the cos 2 -shaped bump and the triangular bump. The scattering off the bump (marked with white arrows in Figs. 3 and 4 ) merely disappears at smaller angles for the triangular shape than for the cos 2 shape. This finding can be traced back to the fact that the maximum slope of the cos
Computational results with cloak
Let us now turn to the case with cloak. Following the above discussion for the case without cloak, we restrict ourselves to illumination with a disk-shaped light source and to cos 2 -shaped bumps with the dimensions given in Section 2. The refractive-index distributions used for the cloak and for the reference structure are shown in Fig. 1(a) and (b) , respectively. Furthermore, to allow for a better comparison with our previous experimental results [13] , we do not show images of the entire structure with all of its edges like in Figs. 3 and 4 , but rather concentrate on the relevant central part with bump and cloak or the part that shows the bright scattering off the tilted bump, respectively. These depicted areas in Figs. 5 and 6 are outlined as dashed rectangles in Fig. 4 . Figure 5 summarizes results for the bright-field mode (0-degree sample tilt) and for the dark-field mode (35-degree sample tilt as in Ref. 13 ). In each case, the uncloaked reference structure (also see Fig. 1 ) calculated under identical conditions shown right above the cloaked structure serves for direct comparison. In particular, as discussed in detail in Section 3, both the uncloaked and the cloaked structure are, of course, in focus.
For the bright-field mode in Fig. 5 , excellent cloaking action is observed. With cloak, one nearly gets a homogeneous bright image as expected from a flat metal mirror. Cloaking has not been quite as perfect within the bright-field mode of our previous corresponding experiments [13] , indicating that fabrication imperfections and/or using the inhomogeneous woodpile photonic crystal to mimic the refractive-index distribution may have played a certain role.
For the dark-field mode also depicted in Fig. 5 , the cloaking performance is excellent as well. The bright scattering off the bump without cloak almost completely disappears with cloak. It is reduced by more than one order of magnitude and is therefore not visible on the depicted scale. The much dimmer bright stripe in the cloaked case has a different origin. As shown in Fig. 1 , we have expanded the lateral extent of the structure by adding to the refractive-index profile derived from the quasi-conformal mapping a region of constant refractive index (equal to the reference refractive index of 1.2) to the left and to the right. The resulting index discontinuity at the interfaces is fairly small but still finite. In close analogy to the "scattering" from the structure side walls already described in Section 4, we again get total internal reflection of certain light rays due to this discontinuity. These discontinuities are also visible as small intensity variations on the left and right edges in bright-field mode. In the corresponding experiments [13] , these fine details have not been visible as they have very likely been smeared out by the photonic-crystal nanostructure that mimics the refractive-index profile. We conclude that cloaking of the carpet cloak is close to perfect in the dark-field mode within our ray-optics treatment -in good agreement with our corresponding experiments [13] .
The bright-field mode calculations shown in Fig. 5 have been for an objective lens numerical aperture of NA = 0.5 (2φ = 60 degrees). It is interesting to ask whether the results are modified for a yet larger NA. A larger numerical aperture means that the structure is probed by rays from even more directions in three-dimensional space. Unity NA would correspond to a full opening angle of the cone of light of 2φ = 180 degrees. Results for NA = 0.7 (2φ = 89 degrees) and NA = 0.9 (2φ = 128 degrees) are shown in Fig. 6 . All other parameters are identical to those in Fig. 5 . We only show the bright-field mode in Fig. 6 because a flat mirror no longer appears completely dark for sample angles of 35 degrees (Fig.  5) at such large numerical apertures (also compare Figs. 3 and 4 for smaller angles) . The contrast in the bright-field images for the uncloaked case decreases with increasing numerical aperture from NA = 0.5 in Fig. 5 to NA = 0.7 and NA = 0.9 in Fig. 6 . As discussed in Section 4, the two dark stripes at the side walls of the bump are partly due to rays that are not collected by the microscope objective lens. Clearly, more rays are collected for higher numerical aperture, leading to filling up of the two minima. Hence, the contrast in the images is reduced. Fig. 5 . Microscope images for the bright-field mode (left column) and the dark-field mode with 35-degree sample tilt (right column) without (first row) and with carpet cloak (second row), all rendered by ray tracing. The structure dimensions are given in Sections 2 and 3, the objective lens numerical aperture is NA = 0.5 (see Fig. 2 ). The refractive-index distribution underlying the carpet cloak is shown in Fig. 1 . A total number of 10 8 rays have illuminated each sample. The scale bar corresponds to a length of 10 µm in the sample plane. The area of the image shown here is outlined in Fig. 4 . The dashed white line marks the position of the bump reflection in both dark-field images. Obviously, the cloaking performance in Fig. 6 remains excellent. One should, however, also bear in mind that the spatial imaging aberrations introduced by the dielectric glass substrate in the optical path of the microscope (as discussed in Section 3) are expected to play a certain role at such large numerical apertures. These aberrations may obscure the images to some extent.
Conclusions
We have presented ray-tracing calculations on three-dimensional carpet cloaks imaged by unpolarized light using an optical microscope with large numerical aperture in bright-and in dark-field optical modes. The calculated images can be directly compared with our recently published experimental results [13] , leading to good overall qualitative agreement. This finding indicates that the experiments are on the right track towards macroscopic invisibility cloaks, for which the rules of geometrical optics and effective media should apply. The recently emphasized intrinsic limitations of the carpet (or ground-plane) cloak without anisotropy seen in 2D ray-tracing calculations [15] do not appear to play a major role in our 3D ray-tracing calculations of the microscope images.
Analogous 3D ray-tracing calculations might help us in designing future experiments on three-dimensional transformation-optics structures operating at optical frequencies.
